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ABSTRACT

The nonlinear interaction between two oblique three-dimensional Tollmien-Schlichting
(TS) waves and their induced streamwise-vortex flow is considered theoretically for an
incompressible boundary layer. The same theory applies to the de-stabilization of an
incident vortex motion by sub-harmonic TS waves, followed by interaction. The scales
and flow structure involved are addressed for high Reynolds numbers. The nonlinear
interaction is powerful, starting at quite low amplitudes with a triple-deck structure for the
TS waves but a large-scale structure for the induced vortex, after which strong nonlinear
amplification occurs. This includes nonparallel-flow effects. The nonlinear interaction is
governed by a partial-differential system for the vortex flow coupled with an ordinary-
differential one for the TS pressure. The solution properties found sometimes produce
a break-up within a finite distance and sometimes further downstream, depending on
the input amplitudes upstream and on the wave angles, and that then leads on to the
second stages of interaction associated with higher amplitudes, the main second stages
giving either long-scale phenomena significantly affected by nonparallelism or shorter quasi-
parallel ones governed by the full nonlinear triple-deck response. Qualitative comparisons

with experiments are noted.
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1. INTRODUCTION

The idea of significant interactions arising between oblique Tollmien-Schlichting (TS)
waves and induced, or incident, streamwise vortices has been circulating for some con-
siderable time, as a possible or even a probable early stage in transition to turbulence in
boundary layers and duct flows. In the boundary-layer context there is some experimental
evidence of such interactions occurring in practice (Aihara et al., 1965, 1969, 1981, 1985;
Tani and Sakagami, 1962; Bippes and Gortler, 1972; and possibly Klebanoff, Tidstrom
and Sargent, 1962), as well as supporting computational work (see Wray and Hussaini,
1984 and Spalart and Yang, 1986, the latter showing the emergence of oblique waves from
random initial disturbances), for flat or curved surfaces. The theoretical idea is basi-
cally this in principle: if two low-amplitude TS waves represented by (al,:tﬂl,ﬂl) are
present, i.e. each with a streamwise wavenumber o; and a frequency 1;, but with oppo-
site spanwise wavenumbers +3;, then nonlinear inertial effects produce the combination
(a1 — a1, B1 + B1,01 — 1) at second order, among other contributions, i.e., the standing
wave or streamwise vortex flow (0,24;,0) is induced. Equally, the combination of the
vortex (0,20;,0) and one TS wave (a;, B1,f;) provokes the other TS wave (a,—fi, 1)
also. So nonlinear interaction takes place between the three-dimensional (3D) TS waves
and the vortex. Such interplay may start from a single 3D TS wave dominating at first,
upstream, with a minor amount of the other TS wave and hence of the induced vortex,
or it may be initiated by an incident vortex upstream, with the TS waves then developing
at first as small disturbances of the boundary-layer-plus-vortex motion. Both situations
are observed experimentally or computationally. In either situation the ensuing nonlinear
interaction downstream may be expected to have the same character to some extent, al-
though possibly with considerably different end results, depending on the input conditions
upstream. There is a possible connection here in fact with the use of vortex generators in
laminar-flow control (Bushnell, 1984) in boundary layers.

Little progress has been made, however, in actually converting the above notion into
nonlinear TS /vortex interaction equations in a rational theoretical way consistent with the
Navier-Stokes equations. The only such theoretical study appears to be that of Hall and
Smith (1987, see also references therein), but that applies to channel-flow interactions. A
major difficulty exists in moving on to the boundary-layer context, namely to make al-
lowance consistently for the growth or decay of the basic steady boundary layer, say on an
airfoil, i.e. to incorporate nonparallel-flow effects. These effects are known to be substan-
tial in Gortler-vortex development on a curved surface (Hall, 1982, 1988 and references
therein) and in TS waves to some extent (Smith, 1979a and references therein), and like-

wise they are potentially significant in the long TS-induced vortices or incident vortices of



present concern for a flat or curved surface. A second major task is to pin down the main
scales, and hence the flow structure, involved in a TS/vortex interaction in a boundary
layer, and the scales are also affected by the nonparallelism present. Our aim here is to
incorporate these two aspects in a self-consistent theory to begin tackling boundary-layer
TS/vortex interaction. Mention should be made at this stage of the theoretical approxi-
mations by Benney and Lin (1960), Antar and Collins (1975), Srivastava and Dallmann
(1987), among others, all of which are of undoubted interest in their attempts to address
various levels of weak interaction, but all of which are in the end inconsistent with the
Navier-Stokes equations. This is due much to the nonparallel-flow effects acting at finite
Reynolds numbers: see also later comments.

The current approach takes advantage of the feature that the Reynolds numbers (Re)
of interest in reality are very large. So Re is taken as a large parameter throughout.
Previous discussions (e.g., Smith, 1979a,b; Hall, 1982; Hall and Smith, 1984; Ryzhov and
Zhuk, 1986; Smith and Stewart, 1987) show that the large-Re approach is in fact the only
way to obtain a consistent theory for boundary-layer instabilities and transition, apart
from large-scale computations of the 3D unsteady Navier-Stokes equations of course, and
thus, in a sense, there in no competing theory as far as we are aware. Further, as a bonus,
the comparisons with experiments and computations presented in the above papers, when
combined with the numerical interpretations of Smith, Papageorgiou and Elliott (1984),
tend to verify the practical value of the current type of approach at the Reynolds numbers
of real concern. -

The scales and the flow structure involved in the TS/induced-vortex interaction in an
incompressible boundary layer are examined in sections 2-4 below. They are based only
loosely on our channel-flow study (1987) and have to accommodate the shortness of the
triple-deck streamwise length scale in the typical 3DTS wave compared with the longer
scale of the typical vortex affected by nonparallelism (Smith, 1979a,b; Hall and Smith,
1984). Whether the nonparallelism matters in the long run or not then remains to be
seen, although clearly it can continually destabilize the boundary layer and bring in the
influence of external pressure gradients for instance. In any case, the scales reflect the
property that one of the strongest vortex effects arises from the slow decay of the 3DTS
waves’ amplitudes at the edge of the viscous lower deck or critical layer. Thus the spanwise
TS velocity (w) there decays as the inverse of the normal distance y from the surface, and
so the inertial response at second order is like y~2. This must balance the main viscous
force o« 3*w/dy? of the induced vortex, implying that the vortex w-component grows
logarithmically with y. As a result, substantial vortex motion occurs well outside the

viscous TS layer. That substantial motion spreads way out across the boundary layer and



beyond, although its dominant nonlinear interaction effects with the TS flow turn out to
spread no further initially than a thin buffer zone lying just outside the lower deck but
within the boundary layer: see Figure 1 later. The scales can be derived in a number of
ways, we note, for example as in Section 2 or by starting from 3D triple-deck theory and
working outwards, as it were. The resulting flow structure found captures the original

notion of TS/vortex interaction in the form
EIE;I = E3 (1.1)

where E ; represent the oblique TS waves and E3 represents the induced vortex, specifically
E,; = expli(aX £ 8Z/2—-0OT)| and E; = exp(ifZ) in the later notation. The TS-squared
forcing of the vortex motion takes place both in the buffer layer and in the lower deck
whereas the vortex reaction back on the TS waves is concentrated in the lower-deck flow.
The production of the spanwise subharmonics F; 2 here is in line with Aihara and Koyama’s
(1981) experimental findings in vortex break-up.

The interaction equations are summarized and addressed numerically and analytically
in Section 5. Certain of the nonlinear properties found appear to agree qualitatively
with the Srivastava and Dallmann (1987) approximations a little and with the Aihara
and Koyama (1981) experiments, but others do not. A point here with regard to the
experimental comparisons is that the theory, being a first step (see earlier comments),
deals with a first nonlinear-interaction stage occurring at low amplitudes. Second stages
corresponding to higher amplitudes can arise either as a downstream development from
the present stage or as a consequence of increased input amplitude upstream. Second
stages are indicated directly by the current analysis, as the further discussion in Section 6
describes, and the second-stage interactions can have shorter or longer streamwise extent,

depending on the input conditions and the spanwise wavenumbers.

The velocities uq (2, v, w), corresponding Cartesian coordinates £, (z,y, z) and pressure
Poot’,p are used, based on the airfoil chord £, free-stream speed uo, in the x-direction
and the incompressible fluid density po,, with time written as v !'£yt. To fix matters, we
may consider usually the flat plate (y = 0 for 0 < z < 1) with zero pressure gradient,
giving a basic Blasius boundary layer with normalized skin-friction factor A = 0.332 a:é at
the typical station (z, 2z) = (zo, z0) under consideration. The extension to nonzero pressure
gradients, for example, is referred to in Section 6, and the extensions to nonzero Gortler
numbers for curved surfaces and to the compressible regime are also of much interest.
The terms My, 4, introduced later are higher-order corrections of the basic velocity profile.
Also, Re = uooloov (= €78) is the global Reynolds number, with v,, being the kinematic
viscosity of the fluid, the superscript * denotes a complex conjugate and r,¢ stand for the

real and imaginary parts of a quantity.



2. THE SCALES AND THE MAIN-DECK RESPONSE

There are several ways to arrive at the scales controlling the 3D TS/induced-vortex
nonlinear interaction of present interest. Omne is as follows: see also Fig. 1. Linear
or nonlinear 2D and 3D TS waves are viscous-inviscid interactive phenomena, governed
primarily by the triple-deck structure and hence by the unsteady interactive boundary-
layer equations holding in the lower deck which has y-extent 0(c®) near the wall (Smith,
1979a). If the 3DTS amplitudes are comparatively small, say of order h relative to the fully
nonlinear sizes, then inertial effects force a vortex motion at relative order h%. The spanwise
inertial effects (udw/dz, etc.) in particular decay only slowly, however, like Y2, with
scaled distance Y from the wall, due to the algebraic decay of the 3DTS velocities into their
asymptotes, and so the spanwise velocity (w,) of the induced vortex grows logarithmically
like £nY (Hall and Smith, 1984) since the vortex response is predominantly viscous here.
This growth is then damped down further away from the wall where Y ~ §(>> 1) say
in a buffer zone and the relatively slow streamwise variation of the vortex takes effect,
introducing the comparatively slow inertial operator Y 9 [from the boundary-layer shear]
to combat the viscous one 8%. So 8y is 0(673). There w, is of relative order h*/né,
provoking by continuity a streamwise velocity u, of relative order h263¢né typically, in the
vortex, which therefore alters the basic shear by a relative amount of the order h262¢né.
The relative influences of the slow streamwise modulation ~ §~2 and the change in mean
shear ~ h262fné above are in balance if § ~ h~%, to within a logarithmic factor, and
this balance is central to the nonlinear evolution of the provoked vortex flow and the TS
disturbance. Another feature that needs to be considered is the effect of nonparallelism in
the basic flow, due to the boundary-layer divergence among other things. Nonparallelism
affects the TS and vortex interaction over unscaled streamwise lengths typically of order
673 since that is the characteristic amount by which the critical linear conditions are
disturbed in the vortex-TS interaction above. On the other hand, the unscaled length
associated with the streamwise modulation of the TS wave or vortex is 0(¢36%) because
the triple-deck length scale is 0(¢®). Hence honparallel-ﬂow effects are accommodated in
the balance £36% ~ 673, giving 6 ~ s%, which is large as assumed initially. Nonparallelism

would be negligible for § < e"%, but the stage to be addressed here, namely
§~e 3, h~ef, (2.1a)

is possibly a crucial one in our opinion as it marks the intrusion of significant nonparallel-
flow effects and hence of more global properties into the nonlinear TS-vortex interaction.
(We remark here that the scales in (2.1a) can be inferred from Hall and Smith (1984), and

also if the induced vortex is absent the disturbance size required to bring in nonparallelism
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is raised to h ~ s%). Whether the nonparallelism thus captured by (2.1a) actually has
a substantial impact on the interaction or not can only be decided by the solution prop-
erties of the resulting nonlinear governing equations. One inner limit of these equations
reproduces the parallel-flow version of the TS-vortex interaction in any case. With the
suggested scales (2.1a) holding, then, the scene is set for a multi-scaling in which

8, — € %9, 8, - e 30x + e-%a,?, 8, — €303, (2.18)

where (¢, — 20,2 — 20) = (€2T,€*X,e%Z) define the main 3DTS time and length scales,
T—To= €% X defines the slower modulation scale of the TS waves and the induced-vortex

flow, and four y-scales come into operation:
y = 3y, &'y, €3, €Y. (2.1¢)

The €3,¢e*,¢° levels are associated with the three decks of the triple-deck TS structure,
while the extra level 7 is necessary for the determination of the forced vortex motion
because of (2.1a). The scales (2.1a) also indicate that the amplitudes involved in nonlinear
TS-vortex interaction are quite small, initially at least, with a typical TS pressure or
free-stream-disturbance amplitude of order %A, i.e., s%, and an induced-vortex spanwise
velocity w of the size eh?fn(h), i.e., £3fne, at most.

The flow properties in the four decks are examined below in this section, for the main
deck, in Section 3, for the buffer and lower decks, and in Section 4 for the upper deck.
Since nonparallel-flow effects are incorporated for completeness, certain extra features arise
including the basic-flow expansion profiles Xw,(7),73(9) (i.e., u =T+ (z—zo)Tp+---,v =
) + - - -) satisfying the steady boundary-layer balance @, + 7, = 0,7 @, + 7,%@ = %', and
A = wh(0).

In the main deck the unsteady 3D flow solution expands in the pattern

u=u(g) +e3Xn(g) + T +etu® 4o 4T+ HT 4o (2.20)
v=e4TV 4 e, + 1T+ e300 4+ T 4o | (2.2b)
w=e*T + e¥T + edwgp + €T + -+ ST 4 -, (2.2¢)
p=cep® 4+ X5 + ... 4 %5 ... (2.2d)

essentially. Here y = &'y, the superscript (3) denotes the induced vortex flow, which is
independent of the fastest streamwise and temporal scales X, T, the superscript (1) refers
to the main TS contributions present, while the double overbar denotes higher-order TS
effects. The contributions p{®, Wsz and similar higher-order terms in u, v are forced by the

induced-vortex flow outside the boundary-layer as explained in Section 4 below. Also, (e)



signifies the extra TS contributions affected by the nonparallelism (o @,,, in (2.2a,b)).
The governing equations for the successive terms above are obtained from substitution into
the Navier-Stokes equations and are as follows.

First, the dominant TS waves satisfy continuity and momentum equations which are

quasi-steady and show the pressure variation across the boundary layer to be negligible:

u__(;) " 5(71) —0, @ U(,}) + 7% =0, (2.3a,b)
0— —ﬁ(vl)’ T #;) — —ﬁ(zl)- (2.3¢,d)

These yield the expected displacement-effect solutions

7) = (A Ey + A )T + cec., (2.4a)

i)_(l) = —ia(AuE'l + Aleg)U + c.c., (24b)

= (P11 + PrpBa) + coc., (2-4¢)

o = (W1 Ey + W12 Ey) + c.c.t Wiz = FBP11,12/20%, (2.4d)

where c.c. denotes the complex conjugate and all the fast dependence on X, T is contained

in the two oblique waves
Ei2 = expli(aX £ 8Z/2 — QT)). (2.5)

Here the TS wavenumbers «,3/2 and frequency 1 are real (see (3.14) below), and the
displacement decrements A;;, A12 and pressure components P, P;; are unknown functions
of X.

Next, the higher-order TS influences represented by double-overbarred and (e) terms in
(2.2) are controlled effectively by forced versions of the main TS balances (2.3) accounting
for unsteadiness and nonparallelism. These yield in particular

ﬁ(e) = UelEl + UezEz + c.c. (260,)

and so on, where
Eel = A,lﬁ + Allyﬂj, (26b)
T = —(10Ag + A ;%)T — 10 A XUy, (2.6¢c)

with —A,; representing an extra displacement correction which again is unknown in ad-
vance. These influences are of little significance at this stage.
The induced-vortex motion here in the main desk is also fairly passive, merely respond-

ing to the efflux (x Aj3) from the buffer layer examined in the next section. Thus the
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governing equations for w(®, (%, Wyg, B® are analogous to those for the dominant TS wave

but on the slower X scale and give the solutions

ﬁ(s) = ASSESW + c.c., -17(3) = —A33'X-E3E+ c.C. (2'70’ b)
P = Pyg(X) Es + c.c., Wsg = Dsp(X)Es/T + c.c. (2.7¢,d)
where Dy satisfies 9D3g/3X = —if3P,3, the vortex pressure Py3 is an unknown function

of X, as is the vortex displacement —A3s3, and the spanwise dependence of the vortex is on
E; = exp(i82). (2.8)

Significant vortex-TS interaction does not occur in the main deck and is confined instead
to the lower reaches of the boundary layer, specifically in the buffer and lower decks which
are discussed in the subsequent section. The nonlinear interaction arises from inertial

interplay which produces the combinations
E\E;! = E;, EsE; = Ey, E;'E, = E, (2.9)

thus enabling the two oblique TS waves to force the vortex motion, and the vortex, com-
bined with one TS wave, to force the other TS wave, at the amplitude-squared level. In
addition, the enhanced vortex-TS interaction near the wall is due to the increase in the TS
spanwise motion there as represented by the singular behavior of w(!) in (2.4) as 7 — 0+,
as well as by the higher-order TS effects, a singular response which is smoothed out in the

viscous lower deck.

3. THE BUFFER DECK AND THE LOWER DECK

(a) The buffer.

This extra, buffer, deck of width O(s%) in y is brought into action because it controls

the major response of the induced vortex flow, due in turn to the algebraic decay of the
3DTS waves on exit from the lower deck, i.e. their growth in the lower extremes of the

main deck. The buffer deck has the underlying pattern
u,=5%}‘g+52[7,\b@+ua@4+a(3)]+... efaW 4.t eti . a4 (3.1a)

v =25 4 X5 +€5[ sl /2+,‘;(3)]+...+57f;(‘)+---, (3.1b)

w=¢e+pW +e lcauAv + ezenew( 3) + €7 w(s) + e

*|3
4
-
o
+
P
[JV]
—
o
o

p=ecep 4RO 4o 45O 4. (3.1d)



where now y = e%@, these expansions being implied mostly by the behavior of the solu-
tions in the main deck for small ¥ but partly also by the lower-deck features discussed
subsequently.

The governing equations for the dominant TS disturbance 41, etc., are merely the

continuations of those in Section 2, in fact, so that
‘&(l) = A(AIIEI + Aleg) + c.C., f)(l) = —ia)\f/(AnEl + A12E2) + c.c., (3.2&, b)

PV = (buEy + p12E2) + c.c., ¥ = B(=puEr + p12Es) /2Xad + c.c. (3:2¢,d)

with P11 = Pyq, P12 = Pyp. Likewise the nonparallel effect here is given simply by

29 = A, + (X + 80 44, (3.3a)

99 = —(Aex + A ) AT — Arx X Asd — Arxi®, (3.30)

and the higher-order TS contributions continue the trend of algebraic growth, in the form
i = B (pnBr + PraEs) /400y + c.c., (3.4a)

? = i(QAy — B*P1/4a) — api/A) By + (A1 — Bprz/4a) — abiz/N)E; + c.c., (3.4b)
w = QoM /arg. (3.4¢)

These last contributions play a vital role nonlinearly, however, in the generation and evolu-
tion of the longitudinal vortex motion, through the major inertial response which is given
by
Wy + 80 + 0dy + daf) + oWy

in the spanwise momentum balance, i.e., by Esp11d},t8(4a? — §?)/402A?§?, from (3.2),
(3.4) along with (2.9), as far as the vortex is concerned. The lower-order contribution
e ﬁ&) + 1‘)(1)12)%1) cancels out, we note, and the logarithmic vortex effect ﬁ)&s), etc., is only
a passive one, discussion of which can be deferred for now. Thus the vortex motion of

concern is controlled by the forced viscous-inviscid equations

gy + D33y + 10133 = 0, (3.5a)
’\f/&ssf + Abss - ‘&339% (35b)
)‘17'2’33)_( + iﬂ(l - :32/40‘2)?117’:2/’\2@2 = '2’33%’ (3-50)

where we split %3 = fi33Es + c.c. and so on. The boundary conditions on this vortex flow
are to match, respectively, with the main-deck behavior for large § and with the lower

deck for small ¥:

‘&33 — AA33, ‘!')33 ~ _AASS—X_@’ 12)33 X 37_3, as i) — OO (35d)




g3 =133 =0at §=0, W35~ —16(1— ﬂ2/4a2))\_2ﬁlli)‘{2£n§}+ ®(X)as§— 0+. (3.5¢)

Here the term ® in @33 in (3.5€) is unknown as yet and has to be determined by the lower-
deck response, as examined below, while the logarithmic term forces corresponding effects
x eny, §3€ny in Vg3, Uzs as § tends to zero. All these effects merge with those of the
lower deck. The main feature that the induced vortex motion imposes on the lower-deck

behavior is the skin-friction modification, 33 ~ 5\33@ as § — 0+ where
As3(X) = 8;23(X, 0), (3.6)

but that depends on the TS-induced forcing B,,7;, in (3.5¢) and ® in (3.5¢) which in turn
depend on the skin-friction modification A3; (see below), so that the whole process is highly
interactive.

Further points of note here concern: the extra logarithmic effects in (3.1); the fact that
viscosity affects the vortex motion in the buffer zone; the pure displacement effect in (3.5d)
and the feature that the pressure feedback from the upper deck due to As3Es(+ c.c.) is
negligible in (3.5b,c); and how the entire structure might be affected by pressure gradients
or cross-flow. These points are addressed subsequently.

The logarithmically larger vortex effects @23) and corresponding terms in u,v satisfy
(3.5a-c) again, but with 33 replaced by 33L when the split ﬁ)‘(,ls) — 133 E3+ c.c. is applied
and with the forcing term o P,;P;, absent. The appropriate boundary conditions then
are g3y = A, Ussy = D3ap = Ofizar /0y = 0 at § = 0 and W33y — 0, Oissr /0y — O as
§ — oo, where the sole forcing term 4 = 18(1 — 8%/4a?)A~%p,,P},/2 because of the lower-
deck spanwise response in (3.18d) below (with Y — s‘%g‘/) and the zero-shear condition

on 33y is required to merge the buffer- and lower-deck induced shears. The solution here

is de-coupled in effect from the dominant TS-vortex interaction. Thus the solution for
33z, can be written formally in terms of a Fourier or Laplace transform in X and an Airy
function, giving the required decay at large §, while the shear 733, = 9331/ is governed
by the same equation as is W33y, except for a forcing Atfwssr, and subject to 7337 vanishing
at § = 0 and as § — oo, the transform solution for 7337 therefore being a combination of the
Airy function and its derivative. Integration with respect to ¥, subject to @33z vanishing
at § = 0, then yields 337, for all § and the displacement correction, Assz, say, emerges from
the large-i value of fi33;. Hence the logarithmic (¢ne) parts of the induced vortex motion

here play only a passive part.

b. The lower deck
The lower deck, of width 0(e°) and containing the critical layer, lies beneath the buffer

and brings in viscous forces to reduce the TS flow to rest at the wall. This smoothing of



the TS distributions in turn serves to smooth out the forced vortex response, in particular
modifying the logarithmic irregularities connected with (3.5¢) for small §. In the lower

deck, where y = €°Y say, the flow solution can be expressed in the form

u=eAY +efil) + e[V + XNY] +e7il® + %0 + 0(e?V?) + - - -, (3.7a)
v=cet® 45503 4 50 — e, V22 + - (3.7b)

w=etp® 4+ e7p® 4 T B . (3.7¢)

p= gT‘i,(l) +e<p® 4o 455 4ol (3.7d)

with A3 denoting As3Fs+ c.c. The induced-vortex components are principally the shear
contribution A3Y (produced via the buffer) and the more complicated parts #(®, (%), @(3),
whereas the main TS components have superscript (1) again. The continuity, streamwise

momentum and spanwise momentum balances then yield, successively, and in view of the
interplay in (2.9),

i + o0 + o =0, @Y + & + 51 + &) = o,

(3.8¢ —¢)
) +wf) =0
(4P +aval + 50 = -5 + af),
{# +~’g (ag}()l)+ %3) (XNY + A5V )il + 50 (A5 + Xny) + 52 (3.9a — ¢)
= —Px — Pg tUyy,
| 2WaQ + 5@x + 505D 4 a0l = &8,
) avald = 5+ af),
Vo 4y (@ + o) + (XY +AsY)al = -5 + o), (3.10a — )
| i0a® + 505 + 50 = 5,

for the main TS, the forced TS and the vortex flow, in turn, all three of which need to be
addressed below. Only the E; components are of concern in (3.9¢), (3.10c), we note, and
the y-momentum balance requires the pressure effects shown in (3.7d) to be independent
of Y, leaving the results p(V) = p() = (1), ple) = p(9) = 5(), p3) = p(3) = 5(3),

Splitting the TS responses into their pairs of oblique waves and the vortex into its

spanwise parts now, so that

ﬁ(l) = allEl + 1’112E2 + c.c., ﬁ(e) = ﬂ,lEl + ﬁc2E2 + c.c., &(3) = ﬁ33E'3 + c.c. (311)
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and so on, we have from (3.8a), (3.9a), (3.10a) the governing equations

1Qily, + Viny iﬂ‘ﬁ)ln/2 =0, (3.12a)
—1QUy, + 1adY Uy, + AV = —10D), + Uinyy, (3.12b)
—iQiyn + i0AY by = FiBun/2 + Brnrys (3.120)

for the main TS wave, for n = 1,2 respectively, subject to the constraints of no slip at the

wall, of matching with the buffer solution and of pressure-displacement interaction:

‘!Tl.ln = ‘i’ln = 17)1,. =0atY = 0, (312d)
figp — AAjp, W1, = 0(Y 1) as Y — oo, (3.12¢)
(o® + B/4)3Py, = &’ Asn. (3.12f)

Here (3.12f) anticipates the results of Section 4. The solution of the linear TS problem
(3.12a-f) can be expressed in terms of the Airy function A+ and leads to the eigenrelation
) ) g = —is0/(a)})
A4 (&) /k = (1a)3(a® + B%/4)3, with (3.13)
k = [o) Ais)ds,

determining o for given real 8,0 values. The required neutral condition corresponds to
o= —dli%,Ai'(fo)/K, = dzié[dl ~ 2.30, d; ~ 1.00, however, so that

as(o? + (?/4)F = dyA3, 0 = diafAs (3.14)

relate the real o, 3, values of concern here. In the above 3 denotes exp(i7/6).
Next, the forced TS wave (.1, etc.), driven by the combination of modulation and

nonparallel- and vortex-flow effects in (3.8b), (3.9b), (3.10b), satisfies (3.12a-c) again with
subscripts 11 replaced by el of course and with @,,%, AY ¢, %+ XM Yoty + AssY tailyg +
X1 + Ass¥iz + Py AY Uy + XA\ Yiatw;; + AssY taivy2 added to the respective left-
hand sides, for n = 1, and similarly for n = 2. In addition, the boundary conditions are
(3.12d,e) again with 11 — el and with A X Ay + AssAyz supplementing the right-hand side

of (3.12¢) (for n = 1, similarly for n = 2), coupled with the interaction law
(a? + B2/4)3P,, = 0¥ A,y — 2iad, x + i0° A, x/(o® + B/4) (3.15)

stemming from the upper-deck properties presented in the next section. This forced-

TS system requires a compatibility relation to hold between all the driving effects just
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described, and, after some manipulation, the relation is found to provide the governing
equations
ap,,x + bX APy + cAasA 1Py, = 0,
(3.16a,bd)
aPyyx + bXXePyz + eA3sA 1Py, = 0
for the slower-scale modulations of the primary TS pressure amplitudes. In each of
(3.16a,b) the second term represents the effects of the nonparallelism of the basic flow

while the third term comes from the extra induced-vortex motion (via (3.6)). Also,

a = 2B¢rD/3aA? — iAB~3(4/3 + §2/1207), (3.17a)
b= —2aé,;rBD/3A% — 5B7/3a, (3.17b)
¢ = iD&A™§(2Bry/3 + (%2 /8) — Aa"'B~3(50%/3 + §/24), (3.17¢)

where D = 1+ k&o/Ai' (o), B = o?+8%/4,A = iad,ry = Ai(&) /A (&), r2 = k/Ai(&). An
origin shift in terms of X is implicit in the above to account for the sub- or super-criticality
of the flow.

Finally here, the induced vortex flow in the lower deck is controlled by (3.8c), (3.9¢),
(3.10c) with (3.11). But the spanwise balance (3.10c) alone is sufficient in fact to pin down
the most significant unknown property, the viscous TS-amplitude-squared contribution
(or jump term) ®(X) which is required to complete the prescription of the induced vortex
motion in (3.5). Thus, taking the E3 component in (3.10c), we have to solve

~n s~ oy A I ~ ! ~w Y]
ey = —tailyy Wy, + 1aii], W + U110y, + U)Wy, + 180, (3.18a)

for ws3(X,Y), subject to no slip at the wall and to joining with the buffer deck:

‘!7)33 =0atY = 0, (318b)
Wy, — 0asY — oo, (3.18¢)
= 33 ~ —10(1 — B /40*) X725, P}, nY + ®(X) as Y — co. (3.184d)

The logarithmic behavior here, arising from the algebraic decay of the 3DTS velocities
involved on the right of (3.18a) into their large-Y asymptotes (from (3.12)), matches with
the corresponding logarithmic responses present in (3.1), (3.5), and similarly for %33, V3.

Further, in view of the nonlinear forcing in (3.18a),the jump term & can be written

¢ = ¢5111_’;2 (3-19)

where ¢ is a constant to be determined, for prescribed 5. Relevant comments at this stage
are the following. First, we need the complete behavior 0(¢nY) +0(1) in (3.18d) to feed as
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a boundary condition into the main vortex problem (3.5) in the buffer. Thus, the whole
balance between the buffer and lower decks is interactive. Second, some of the solution
here follows by taking a limit of the Hall and Smith (1984) analysis to deal with standing
waves. Third, a nonzero basic pressure gradient adds an €2Y? term to «, which is a minor
effect on the vortex; see also Section 6. Fourth, the pressure €®p3 is induced through the
upper-deck interaction, due to displacement: see the next section. Fifth, the effects of the
induced vortex and of the basic-flow nonparallelism are comparable here and in the buffer.

4. THE PRESSURE-DISPLACEMENT INTERACTIONS VIA THE UPPER
DECK

The upper deck lies outside the boundary layer and has a y-scale of 0(e?), within
which linearized potential-flow properties act to link together the various pressure and

displacement distributions present. The velocity and pressure fields here have
(u’ v, w, p) = (1, 0, 0’ 0) + E%(u(l)’ v(l), w(l)’ p(l)) + el‘g(u(e), ‘U(c), w(‘)’ p(e))

+(e%u®, 30, 3w 853 4 ... (4.1)

where the terms on the right-hand side represent, in order, the uniform external stream,
the main TS wave, the extra forced TS wave and the induced vortex. The disparity in
the vortex velocity sizes is due to the relatively slow streamwise variation of the vortex
motion. Also here, y = €3y’ with y' of order unity.

So the main TS wave is governed by the linear inviscid system

Do ol =0, = = W=, 4)
pM — Y, o) - 0¥ (AnEr + ApnEs) + c.c. as y' — O+ (4.3a,b)

and with suitable boundedness conditions in the farfield. The constraints (4.3a,b) match
the pressure and normal velocity with those in the main deck of Section 2, thus ensuring
the matching of the streamwise and spanwise velocities as well. A decomposition as in
(2.4) applied to p(* then produces the pressure-displacement law anticipated in (3.12f),
since p(!) satisfies Laplace’s equation, from (4.2).

In similar vein, the forced TS contribution satisfies in effect a forced version of the sys-
tem (4.2) - (4.3) and that leads to the law quoted already in (3.15). The induced vortex flow,
on the other hand, is governed by the effective cross-flow balances

v'(,?) + w(zs) =0, vg) = —p'(,?), wg—?) = —p?) (4.4)
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here because of its comparatively small u, p parts, and the streamwise balance ug—‘? = - p%

is subsidiary. Hence under decomposition, and merging with the main-deck pressure,

p® = Pyg exp(—Py')Es + c.c. (4.5)

and the displacement-or v-match then gives the result
BPs3 = —Agsx % (4.6)

This fixes the vortex pressure p;5(X) in the boundary layer in terms of the displacement
—Ass which is to be determined by the buffer-vortex problem (3.5). We observe that the
induced pressure €%p(® above has relatively little feedback effect on the properties holding
inside the boundary layer. Thus, the induced vortex’s effects on the TS waves, during
the present regime, are confined predominantly within the boundary layer (and, further,
within the buffer and lower decks), even though the actual vortex motion produced spreads
significantly far outside the boundary layer into the upper deck. See also Fig. 1.

The upper-deck vortex pattern also produces nonzero slip-velocity cornponent:,s u® w®
at the upper edge of the main deck, as y' — 0+. These induced slip velocities tie in with
the expressions proposed previously for the main, buffer and lower decks, e.g., see the
term Wsg in (2.2), but, like the induced vortex pressure above, they play no role in the
dominant nonlinear interaction between the TS wave and its induced vortex. This TS-

vortex nonlinear interaction is addressed further in the following section.

5. THE NONLINEAR INTERACTION EQUATIONS, AND SOLUTION
PROPERTIES

In summary, the nonlinear induced vortex/TS interaction requires us to solve the fol-

lowing nonlinear partial-ordinary differential system consisting of three parts: first,
U+ Vy+1BW =0,
Wx+V = Uy, (5.1a —¢)
Wy +iK|P*§7 = Wy,

U—0,V—0, W~ —iK|P[*nj+ ®(X), as § — 0,

(5.1d,¢€)
U->s A V~—A), Wx i3 asy — o0
for the vortex (U, V,W); second,
Py+ (C]_Ab)_("}' 62A33)P =0 (520,)
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for the TS amplitude (P), where
Ass(X) = Uy(X,0); (5.2b)
and, third, using the expression (3.18a),
/ { / (X, Y3)dY:}dYs ~ —iK|P[2enY + 8(X), (5.30)

- (%) = |PI' (5.35)
for the determination of the constant ¢, and hence the function ®, for a given spanwise
wavenumber 3. Here U,V,W, P, A can be related back to ts3, D33, Wss, Py; (0or Py2), Ass,
although to fix matters we are focusing attention now on the case where p;; = D, and Ass
is real. Also,

K = p(1 - /40, (5.4)
while the constants ¢; = b/a, ¢; = ¢/Aa in (5.2a) follow from evaluation of a,b,c in
(3.17) for given 8, and likewise for o from (3.14). The solution properties are addressed
below, although most often with the U —V — W formulation in (5.1) replaced by a 7 — W

formulation where W is still to be derived from (5.1c-e) but
ryy — §rg = —iBW, (5.50)

T—0asfy oo, ;=0aty=0 (5.5b)

is then used to find 7(= U;) and hence

Ass(X) = 7(X,0). (5.5¢)

Here (5.5a,b) follow from (5.1a,b,d,e) and U, V, 7 are real whereas W is pure imaginary.
Computational solutions of the interactive problem in question, (5.1c-e) with (5.2a),
(5.3), (5.5), were sought with a simple implicit finite-difference procedure marching forward
in X, for several spanwise wavenumbers (3 defining K in (5.4), as follows. Given the solution
up to the station X = X,_; say, the W profile at the next station X,, = X,_; + AX is

obtained by inversion of the tridiagonal system
(W1 —2WaA+WA_ /AP - 5;(Wh—Wiy;)/AX = —miitn(d;), 5 =2 — J—1, (5.6a)
W:l = ¢|P —l|2a (56b)
Wi = +0tn(is) (5.6¢)

representing (5.1c-€), after the substitution W = —rolngy+ W4 to keep W4 finite at § = 0.

Here AX, A% are suitably small grid sizes, the subscripts n,j denote the function values
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at the gridpoints X, §;|= (j — 1)A§ for 5 =1 to J],v0 = +1K|P|?, §; is a suitably large
edge value of §, and 7o, 71[= do/dX] in (5.6a,c) are evaluated from the known previous
solution values, as with |P,—;|? in (5.6b). Also, the number ¢ is prescribed for a given
B: see below. Next, the 7 profile at X, follows in a similar manner from inverting the

tridiagonal form

(Tnit1 = 27nj + Tnj=1)/ AY? ~ §5(7nj = Ta-1j) /AKX = —iB{W5 — 20tn(,)} (=2 T - 1),

(5.6d)
Tnl = Tn2, (5.6¢)
Ty = 0, (5.61)
associated with (5.5a,b), thus yielding the skin-friction factor (5.5¢) as
(A33)n = 1. (5.69)
Finally at this station, P, is found from an analogue of (5.2a),
P, = P, 1 + AX[c12s X + ¢2(A33) n) Pn—1, (5.6h)

and then the scheme (5.6a-h) can be moved on to the next station downstream, and so on.
Many other numerical procedures suggest themselves of course, but the above procedure
proved to be stable and accurate for sufficiently small step sizes: see also Figures 2-5 where
sample interaction results are presented, all starting at position X = —1 upstream of the
neutral TS point.

The results shown are for the specific cases § = 1,1.6,2,2.5 [see reasons later], for

which the constants involved in the nonlinear interaction equations are as follows (see also
Figure 1(b)):

B a 0 a b c ¢

1 |0.904 | 28.85° | -1.09 - 2.84i [-0.59 - 0.991 | -0.56 - 0.49i | 12.32i
1.6 | 0.754 | 46.70° | -1.59 - 3.661 |-0.83 - 1.20i | -0.70 + 0.17i | 63.6i
2 | 0.617 | 58.32° | -2.53 - 5.24i |-1.09 - 1.57i | -0.84 + 0.88i | 179.3i
2.5 1 0.433 | 70.89° | -5.79 - 10.78i1 | -1.75 - 2.51i | -1.25 + 2.32i | 679i

The normalized case A = 1,1, = —1 is assumed here, while the a,b, ¢ values follow from
numerical evaluation of (3.17), a from (3.14) and ¢ comes from (3.18) - (3.19) (or (5.3))
after some extensive grid-effect studies to allow for the rather slow approach to the asymp-
tote there. We observe that since A3z is real P could be replaced by |P| in (5.2a) with

¢1r, €2, then replacing ¢;, ¢; respectively. Also in the table above § gives the TS wave angles

tan™!(8/2¢).
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The ultimate behavior of the nonlinear interactive flow, as X increases, is considered
analytically now. There appear to be several possible options, the first of which has an
algebraic singularity arising at a finite position, say as X — X —. The orders of magnitude
suggest the balances 7 ~ Ags ~ |85, from (5.2a), (5.5¢), |8;|* ~ |0%| and W ~ |0%]% from
(5.5a), and hence P ~ |a,7|%, approximately, from (5.1c,d), (5.3). So, with allowance for
the logarithmic term in (5.1d), the proposed local response as X — X,— is of the form

|P| ~ (Xo—X)SL73|P|, W ~ (X — X)W, (5.7a,b)

(Ts A33) ~ (7.0 - 7-)_1(;-’ X33): n= @(YO - X—)—%’ (5'76, d)

to leading order, with L = —fn(X, — X) and P, Xss unknown constants. Here the vortex
system reduces to the ordinary differential equations for W(n), 7(n),

W' —n*W'/3 - 59W /3 =0 (5.8a)
' — '3 — i = —iW (5.8b)

subject to
W (c0) = 7(c0) = 7'(0) = 0, W(0) = iK|P|*/3 (5.8¢ — f)

and the TS part requires, for consistency,

5 ~
6 = —Cz,Ass (5.9)

where Ag3 = 7(0). It is worth noting that here and in the subsequent option the TS forcing
on the vortex makes itself felt only through a constant inner constraint on W, here (5.8f),
which is due to the logarithmic contribution in (5.1d), the other forcings [x K in (5.1c)
and ¢ in (5.1d)] being negligible at this level, as is the linear-growth term o ¢; in this case.

The solution for W as a function of ¢ = nd is

~

Wo) =K. [ rir+ 5) e, K = iK|P[*/{30(5)T(2)) (5.10a)

and therefore

-4

~

7o) = ai'e"/"/ sl—ge—"/"{—iﬂ/ 1 W(sz)s;%"dsz + B}ds; /9 (5.100)

o0

with B chosen to make d7/dn zero at o = 0, from (5.8a-f). This then gives Asz =

—[¢B [5° W(sz)s;%dsz + E] /3. Hence the existence of this local algebraic break-up depends

on the relation
62,K|P|2 = d3 (511)
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being satisfied, because of (5.9). Here ds is a positive real constant. Since |P|? is to be
positive, the break-up (5.7) is therefore a candidate for the ultimate interaction behavior
in the regime where ¢;, K is positive. This regime covers all wave angles § except for a
small interval of @ between 45° and approximately 50° where Kc,, goes negative, as shown
in Fig. 1(b).

The second option, in contrast, has the solution continuing to downstream infinity,

where an algebraic response takes effect, namely
-1 ~ L~
|P| ~X°L73|P|, W ~ X*W(n), (5.12a,b)
(7, Ags) ~ X (7, Ras), n = §X 3, (5.12¢, d)

as X — oo, with L = X now. This option arises from balancing the growth terms
x ¢1,¢z in (5.2a), yielding (5.12c), then (5.12b,d) follow from (5.5a), after which (5.1d)
suggests the size in (5.12a). Thus here the X-derivative in (5.2a) and the forcing terms
o« K,® in (5.1c,d) are negligible to leading order. The controlling equations and conditions

for this option are

W" + n*W'/3 —gW /3 =0, (5.13a)

'+ 0?3 — nF = —ifW, (5.13b)

W (c0) = #(00) = 7'(0) = 0, W(0) = —iK|P|*/3. (5.13¢)
0=cy, A + 02,5\33, where Asz = (o), (5.134)

from substitution of (5.12) into (5.1)-(5.5), and so we have the solutions

~

. ~ ’1 —
W = z(K|P|2/3)n/ ny 2 exp(—n3/9)dn,, (5.14a)

F=B(KIBP/21) [ [ 1% exp(—s1/9)dsuds. (5.14)
[4 82

Here 0 = n%. Therefore As3 = B(K|P|?/9)T'(2/3)33, from (5.14b), and (5.13d) then gives

the relation
B|P|Pes, K = dy (5.15)

where, since A, = —1 and ¢, is always positive, the constant d4 is positive. In consequence
this option 2 also applies for positive values of Kc,, only.

Option 3 is that the nonlinear solution amplifies exponentially as X — oo, with a
growth exp(sX/2), say, in |P| forcing a vortex flow of amplitude exp(sX) (from 5.1c,d))

which in turn requires the ¢, term in (5.2a) to dominate alone. Thus
|P| ~ exp(sX/2)|P|, W ~ exp(s X)W, (5.16a, b)
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(1, As3) ~ exp(sX) (7, As3), § ~ 1. (5.16¢,d)

Then from (5.1)-(5.5) the leading balances are

W" — siW = iK|P|*§2,

(5.17a,b)
' — shF = —ifW
with
W (o0) = #(c0) = 7(0) = 0, W ~ |P*{—iKfnj + ¢} as§ — 0 (5.17¢ — f)
and
Ass = 7(0) = 0. (5.18)

The positive constant s is to be determined. The solution of (5.17) can be expressed as
W =iK|PPM(§), 7 = s $BK|P|*N(§), § = 5§ (5.190)
with

. . . en [V . 1 }
M(y) = B1Ai(y) — tnf — Az(y)/0 Az 2(yl){/oo Y2 Ai(y2) nyady. }dy, (5.190)

N(G) = BaAi(5) + M'5) + 57 + 4i3) |, ' i () [ aitw)duddy (5190

where A1 is the Airy function again and B, A¢(0) = (¢ns)/3—i¢/ K, B,A7'(0) = 1/(3A47(0)).
Hence Ag3 x N (0) follows, and the requirement (5.18) leads to the real positive value

s = exp(—ei/ez) (5.20)

for the growth factor s, where e; = 1.21 — 0.73i1¢/K,e2 = 0.243. This option, in which
(unlike in options 1,2) all the TS forcings on the vortex flow play a substantial part, is
therefore a versatile one in the sense that it is available for all values of K, ¢,,, ¢;,, i.e., for
all wave angles.

Option 4 has the TS disturbance |P| becoming very small/negligible, and the vortex
flow then grows slowly on its own with distance X, from its initial state upstream. This
option is ultimately unstable to the TS waves (if present) however, via (5.2a), since the
vortex skin friction Asg is insufficient to counteract the nonparallel-growth term oc A,
downstream.

The computations described earlier tend to support option 1 in the cases where Kc,,
is positive, i.e. for the spanwise wavenumbers § = 1,2,2.5, although the finite-distance

break-up associated with that option can be delayed for a very long distance, depending
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on the starting conditions upstream: see the figures. It is interesting that the long delay
corresponds in fact to the near-attainment of option 4. For the case § = 1.6, in contrast,
where Kec,, is negative, the computations seem to point to the long-scale exponential
option 3 being approached downstream, the rapid growth in that case being ascribed to
the enormous nonlinear growth factor s ~ 10*1%7 from (5.20), which in turn is due mostly
to the numerical largeness of |¢/ K| when 8 = 1.6. The value of s is also large for the other
spanwise wavenumbers although there the option 1 appears to take preference, as might
be expected. The relevance of all these options (and we note that no others have been

found yet) is discussed in the next section.

6. FURTHER DISCUSSION

Two immediate extensions of the theory should be mentioned first and they concern
external pressure gradient effects and unequal TS amplitudes, respectively. The influence
of an external pressure gradient or non-uniform slip velocity just outside the boundary
layer is accommodated by the present nonparallel-flow theory through the term involving
¢y in (5.2a), which in turn comes from the normalized TS dispersion relation (3.13) in effect.
In dimensional variables (denoted by “D”) this shows that the frequency {1p is related to
the triple-deck frequency, Qrp say, by Qp = (dup/ ayD)%QTDuool/i (up);? locally, where
w stands for the dimensional value at the wall and oo for the dimensional reference value,
e.g., far upstream, while (up). is the external slip velocity. For a fixed input frequency
1p upstream (and fixed veo, foo,Voo), therefore, flrp increases or decreases, i.e. the TS
waves are destabilized or stabilized (corresponding to A, = F1 in effect), according as the
combination (dup/ ayp)é(u p).? decreases or increases, in turn. Thus the issue depends
on the basic boundary-layer slip velocity and the wall shear. For instance, a favorable
pressure gradient has (up). increasing but that then tends to increase the wall shear also,
so reducing the stabilizing trend. A sufficiently favorable presure gradient could lead to an
effective change in the sign of A;, nevertheless, in (5.2a), and that then alters the nonlinear
interaction properties, as indeed the options 1-4 in Section 5 would suggest. An example of
a computation associated with the stabilizing value A\, = 1 is shown in Figure 6. Next, the
special case of equal TS pressures 7, D;,, taken in Section 5, holds also for the broader case
where [Py, |, |P;2| are equal with the phases of P,,,P,, differing, i.e. the phase difference is
insignificant then. The most general case of unequal |B;,|, |P;,| however is not covered yet.
It might be argued that the options 1-4 describe the ultimate response even in the most
general case but the effects of unequal amplitudes and the associated rise in significance of
the phases remain to be seen. The special case of 45° waves where the interaction constant

K is zero may require more research as well.
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Comparisons between the present study and corresponding experiments as well as pre-
vious computational work tend to be favorable on the qualitative features, if not more.
This is particularly so with respect to the implied abrupt break-up or change in scale of
the streamwise vortex motion (in option 1), due to the generation of the oblique TS waves
and then nonlinear interaction. A number of other features (e.g., see scales below) also
seem common to the theory and the experiments.

The present approach is based on a rational scheme throughout, we should stress, which
is aimed among other things at shedding light on the scales which are central to TS/vortex
interaction and hence to transition. The scales of the pressure and velocity disturbance
levels associated with the current nonlinear-interaction regime for instance are quite small,
as (2.2), (3.1), (3.7), (4.1) show; e.g., the streamwise velocity disturbance implied in (4.1)
is approximately 0.4% of the free stream velocity at a global Reynolds number of 10%. The
theory also accounts for nonparallel-flow effects in a rational way, which is a vital aspect
in the boundary-layer context, and as yet there appears to be no alternative acceptable
theoretical approach.

Addressing the further implications of the theory, we feel that the main repercussions
stem from the options 1-4 for the terminal behavior of the nonlinear TS/induced-vortex
interaction described at the end of the previous section. See the sketch in Figure 7.
Option 1 indicates a shortening of the streamwise interaction scale, as the break-up in
(5.7) takes place, together with enhanced vortex and TS amplitudes. In fact, when Xo— X
shortens to 0(¢%) the reduced pressure amplitude |P| rises to 0(c~ %), formally, apart from
a logarithmic factor, thus forcing the unscaled wall pressure p (e.g., in (3.7)) to rise to
0(e?). Along with that, the scaled spanwise vortex velocity W increases to O(E_%), from

(5.7), meaning that the un-scaled vortex w-contribution increases to 0(¢3.c~%), i.e. 0(¢),
from (3.1) or (3.7), in the buffer or lower deck; and the typical buffer thickness O(e3|§|)

becomes 0(6%.6%), i.e., 0(¢®), coincident with the lower-deck thickness. All these scales,
and the others present, imply that the next stage encountered beyond the break-up in
(5.7) brings in the fully nonlinear unsteady 3D triple-deck response on the 0(e®) length
scale (streamwise and spanwise), that is, the 3D unsteady boundary-layer equations with
pressure-displacement interaction. The 3D triple-deck description (see computations by
Smith (1988)) then controls both the nonlinear TS and the induced-vortex behavior. An
interpretation of the above is that the nonlinear 3D TS/vortex interaction addressed in
the present work provides a powerful mechanism for small input disturbances upstream to
“burst” abruptly through to full nonlinear-TS status, at a sub- or super-critical location,
via the singular behavior in (5.7).

Option 2, on the other hand, has the streamwise scale lengthening downstream as
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indicated in (5.12). Indeed, when the typical un-scaled distance z enlarges to the airfoil
scale 0(1),i.e. X — 0(e™ %) formally, then the vortex skin-friction factor Ass rises to 0(e™ %),
from (5.12), suggesting an increased contribution of order ¢ in the lower-deck velocity u
in (3.7a). This is comparable with the basic-flow contribution (¢ AY’) there and so changes
the TS stability characteristics. Simultaneously the buffer thickness 0(¢%|§|) rises to 0(e*),
meaning that the main boundary layer is affected more substantially than before by the
vortex flow, and the u-velocity component of the vortex rises to 0(1). Thus the entire
boundary-layer flow is also altered, in the implied next stage. This long-scale next stage
is examined by Hall and Smith (1988).

The subsequent or “second” stages inferred above, as well as the long-scale ones cor-
responding to options 3,4, clearly merit further study. This is partly to understand more
the ensuing behavior in the TS/vortex interactions which start in the present regime (of
(2.1)), of course, but partly also to tackle the interactions that can arise with higher input
amplitudes leading directly into those second stages, i.e. the by-pass process. That process
makes all the second stages available in effect, provided the latter are self-consistent as in
options 1-4, even if they cannot be reached via the smaller-amplitude first stage.

Another aspect worthy of further investigation corresbonds to taking the spanwise
wavenumber ( small, to study the 3D de-stabilization of an incident 2D nonlinear TS
wave. The scales in the present regime provide a starting point for such an investigation,
including the influence of nonparallelism. The theoretical approach is believed to apply to
a number of other interesting flow configurations as well, and to have a strong connection
with some observed transition phenomena such as the creation of “Lambda vortices.”

Finally, the importance of nonparallel-flow effects in certain interaction cases is re-
emphasized. Some remarks on them have been made already in this section. Nonparal-
lelism of the boundary layer is vital in both of the options 2,3, corresponding to long-scale
induced vortex flow, and hence also in the second stages subsequent to those options. Ne-
glect of the nonparallelism seems acceptable for the shortening interaction of option 1 and

the like but it would lead to erroneous results otherwise.
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Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Figure 6.

Figure 7.

FIGURE CAPTIONS

(a) Diagram of the 3D TS/vortex structure for nonlinear interaction in a 2D
boundary layer (BL): see also Fig. 7 below.

(b) Certain coefficients plotted against the TS wave angle .

Nonlinear-interaction computed results for 8 = 1, wave angle § = 28.95°.
(a) Vortex shear Ag3 vs. X, (b) TS amplitude squared (|P|?) vs. X. Initial
|P| = 0.1, initial vortex [W,7| = [g19, ¢2(1 + $*)] exp(—§?). Case I: (q1,¢2) =
(0,0). Case II: (q1,¢92) = (1,1). Grid has (AX, J, Ag) = (0.002,801,0.08) in
general. Results 0, X are for grids (0.001, 801, 0.08), (0.001, 801, 0.04) in
turn. Similar trends resulted for starting values |P| = 1,0.01,0.001.

Computed results for 3 = 1.6, wave angle § = 46.70°. Starting |P| = 0.1,
with (q1,¢2) = (-5,-5),(1,1),(5,5) for cases I, II, III respectively. Grid
(0.001, 1601, 0.08); doubling AX, Af produced little change. Results for
case (0,0) of starting vortex at rest are very close to those of case II.

Results for § = 2, wave angle § = 58.32°. Start |P| = 0.1, (q1,¢2) = (0,0);
results for (1,1) are almost identical. Grid (0.001, 1601, 0.08).

Results for 8 = 2.5, wave angle § = 70.89°. Start |P| = 0.1,(q;, ¢z) = (0,0);
grid (0.002, 1601, 0.08). Results for starting |P| = 0.1(e) and for (1,1) (X)
are also shown, as is typical effect (0) of doubling/halving AX, J, A§. Similar
trends resulted for other starting conditions calculated.

Results for stabilizing case A, = 1.

Summary of (a) effect of wave angle of nonlinear breakdown and (b),(c) next
higher-amplitude stages of short/long scale following breakdown options 1,2.
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Fig. 2(a).
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